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Abstract. Adaptive Optics relies on a Wave Front Sensor (WFS) to measure properly the perturbations induced
by the turbulence. In case of a Shack-Hartmann (SH) WFS, the spot elongation, due to the longitudinal extension
of Laser Guide Stars (LGS), affects the quality of the WFS measurements. As the diameter of the telescope
increases, non-linearities appear through spot truncation and sampling effects. In addition, the spatial structure
of the LGS, set by the Sodium layer density profile, has an impact on the measurements. In this paper we aim
at optimizing the design of a SH WFS in the case of a LGS on an ELT. Considering a Gaussian Sodium profile,
we show that the impact of the WFS non-linearities can be neglected with regards to the noise. Taking then into
account the reconstruction filtering, the impact of the longitudinal extent of the LGS on the WFS measurement
accuracy is moderate. Moreover this result is established with a wide range of analytical Sodium profiles, provided
that the Sodium density profile is known. The impact of the Sodium layer fluctuations is specifically studied in
the second part of this paper, LGS WFS on ELTs II.

1 Introduction

The Wave Front Sensor (WFS) is one of the key-component of Adaptive Optics (AO) systems. These
systems rely more and more on Laser Guide Stars (LGS) to probe the turbulent volume. Unlike Natural
Guide Stars (NGS), these artificial stars cannot be considered as point-like anymore. Indeed, by focus-
ing a continuous laser beam in the mesospheric sodium layer, a 20-km-long laser beacon is obtained.
This longitudinal extension has consequences on the WFS performance.

Waves coming from different points of the LGS do not propagate through the same turbulence
volume, and so they are not identically disrupted. This effect called differential focal anisoplanatism
derives from the source longitudinal extension and the turbulent propagation. It has an impact on the
accuracy of the WFS measurements [1,2], yet this impact is limited in most cases [3,4]. In addition, the
WFS has to deal with a large defocus range due to this elongation. In the particular case of the Shack-
Hartmann (SH) WFS, the LGS is seen from the edge of the pupil with a field angle that increases
with the diameter of the telescope (5” to 10” with an ELT). Various algorithms have been proposed
to measure the position of elongated spots at the focus of each lenslet [5–7]. Their performances with
regards to detection noise have been studied for elongated sources, in particular working conditions
[8–10]. Finally, the LGS presents a time-evolving structure due to the dynamic of the sodium layer.

The goal of the present study is to merge and expand the previous works made on these topics.
To do so, we proceed in two steps: firstly by considering the global design of a SH WFS defined by
relevant parameters for a LGS on an ELT; secondly by analyzing the impact of the temporal and spatial
fluctuations of the sodium layer [11]. Each step is developed in a dedicated paper. For both of them,
the characterization is performed on the measurement precision at the subaperture level, as well as on
the reconstructed wavefront.

In this paper, we first recall the simple decomposition of the measurement error made in LGS
wavefront sensing [3,12], on which we base our study. Then, putting apart the errors induced by the
sodium layer fluctuations, we describe the first step of our double study, by focusing on the optimiza-
tion of the performances of a SH WFS. This is done by considering a correlation algorithm with an
exact reference, and a fixed Gaussian sodium density profile. This optimization is performed on the
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parameters of the SH WFS focal plane (sampling, number of pixels, field of view) and the detection
noise (readout noise, photon noise). Finally we study the validity of this optimization for a range of
other relevant analytical sodium profiles. Section 2 is dedicated to the recall of the measurement error
decomposition, as well as the presentation of the main assumptions made in the design study. The
performance of the WFS as function of relevant parameters is analyzed in section 3, both at the sub-
aperture level and after reconstruction. Finally, the impact of a non-Gaussian sodium layer is estimated
in Section 4.

2 Framework of the study

The error E made by a WFS on the measurement of the local slopes of the wavefront can be modeled
analytically [3,12]. This model starts from the assumption that the differential effects of the turbulence
in the source, also called differential focal anisoplanatism, can be neglected [4]. It allows us to iden-
tify and characterize the error sources we want to evaluate. The linear part of the measurement error
corresponds to the global defocus of the Sodium layer. It is not measurable with LGS, and is assumed
to be known by other means in this study. The remaining errors come from the measurement noise,
Enoise, and the non-linearity (NL) of the measurement. This latter source can be divided into two parts:
the first corresponds to the interactions of the NL with the turbulent propagation (sampling, spot trun-
cation), ENL,turb, the second corresponds to their interactions with the spatial and temporal variations
of the sodium layer, ENL,Na:

E = Enoise + ENL,turb + ENL,Na (1)

We want to investigate the impact of each of these terms on the design and performances of the
WFS on a LGS. We do not investigate here ENL,Na, the error deriving from the variations of the Sodium
layer, since it is the subject of paper LGS WFS on ELTs II [11]. Instead, we focus on the two other
terms, i.e. the errors due to the WFS detection noise, Enoise, and the propagation-related errors, ENL,turb.
Though, these terms still vary with the sodium layer profile. To begin with, we set a fixed Gaussian
sodium profile for our design study, with a Full Width at Half Maximum (FWHM) of 10 km, leading
to spot elongations up to 10” FWHM on a 40 m telescope. Former studies based on real data show that
this assumption can be really far from a real intensity profile [13,14]. We thus evaluate the validity of
this design study for other various relevant analytical sodium profiles, always considering the sodium
profile as perfectly known and fixed in time. Hence the error made because of the lack of knowledge
of the spatial and temporal variations of the sodim layer, ENL,Na, is not estimated in the present first
part of the paper.

We study the SH WFS and choose the correlation (CORR) as the slope estimator, considering an
exact reference. The maximum of the correlation is determined by using a Thresholded CoG (TCoG).
We consider only photon and read-out noise, and place ourselves in side-launched LGS configurations,
on a 40 m telescope. We assume that the spots are detected with a cartesian array of pixels and take
into account the pixel sampling and the spot truncation, i.e. the field stop effect. The impact of a wrong
reference in CORR is included in the ENL,Na term, studied in the second part of the paper [11].

We take into account the blurring effect of the LGS images induced by the turbulent atmosphere
considering both up and down propagations. The blur depends on the Fried parameter r0 and respec-
tively the diameter of the launching or collecting telescope. We select good (r0 = 20 cm at 589 nm) or
bad (r0 = 10 cm at 589 nm) seeing conditions. Consequently, in a subaperture close to the launching
telescope, the LGS image is symmetric, with a FWHM of 0.8 or 1.6” respectively. We assume that the
FWHM of an elongated image along the non-elongated axis is the same as the FWHM of the sym-
metric image. Finally the residual image motion is the turbulent signal. Its amplitude depends on the
wavelength, the Fried parameter, and the diameter of the launching telescope, so that σmotion = 0.25 or
0.4” respectively.
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3 Design of the WFS for a Gaussian Sodium profile

We present in this section a design study taking into account the pixel size, the Field of View (FoV), the
level of noise and the threshold of the TCoG algorithm used in CORR. We consider a 10-km-FWHM
Gaussian Sodium profile, and focus on the behaviour of the CORR algorithm. Then we evaluate the
relative importance of the non-linearities of the WFS due to the sampling and spot truncation, in
comparison to the WFS noise. Finally we estimate the error on the reconstructed wavefront for a
chosen set of these parameters.

3.1 Slope measurement error

3.1.1 Behaviour of the Correlation algorithm in presence of noise

The accuracy of the measurement made by the SH WFS on an elongated spot is studied as a function
of the size of the zone selected to estimate the maximum position of the correlation map, when using a
Correlation algorithm with an exact reference [12]. Hence the reference is taken without noise, without
spot motion, and with the same intensity profile as the image. The impact of photon noise and Read-
Out Noise (RON) are treated separately, considering the ranges of 100 to 1000 photons/subap/frame,
and 1 to 5 phe- rms per pixel respectively. Bad seeing conditions are chosen for the study in order to
mitigate the higher noise impact expected for elongated spots. For sake of simplicity, we discard the
approach of an adaptive CORR algorithm, for which the threshold of the TCoG used on the correlation
map would depend on the elongation of the spot. Consequently, the value of the threshold applied to
the correlation map is the same for all subapertures and a trade off must be made. Considering spot
elongations ranging from 1.6” to 10”, we find an optimal threshold of 30% of the maximum of the
correlation map in each subaperture [3,12]. This value is independant of the noise levels chosen for
this study and is valid for a sampling of 2 pixels per FWHM of the spots non-elongated axis, and a
FoV large enough to avoid spot truncation. We set this value for the rest of the study, and set hereafter
the noise level to 500 photons/subap/frame and 3 phe- rms per pixel.

3.1.2 Impact of sampling and spot truncation with regards to the noise

We now evaluate the impact of the SH WFS non-linearities, induced by sampling and spot truncation,
in comparison to the noise impact. In order to consider a potential configuration of an ELT, we select
a SH WFS with a detector of 12x12 pixels per subaperture, with a sampling ranging from 0.24 to
1.45”/pixel. This leads to FoVs ranging from 2.9 to 17.4”. The evolution of the slope measurement
error along the elongated axis, in function of the distance to the laser launching point, are shown on
Figure 1 for good or bad seeing conditions.

Similar behaviours are observed for both seeing conditions. In case of a very good sampling, the
FoV is reduced and the truncation error becomes dominant in the zones further than 5 to 10 m of
the launching point. On the other hand, the sampling error becomes dominant close of the launching
point for a rather bad sampling, i.e. less than 1.6 pixels per FWHM of the non-elongated spots. For
the biggest elongations, the Signal-to-Noise Ratio (SNR) becomes so low that the measure is blind,
and the error tends towards σ2

motion. The sampling error is the most sensitive, since an increase of the
error of a factor 10 is rapidly observed as soon as undersampling is present. For r0 = 10 cm at 589 nm,
we find an optimal pixel size of 0.96”, which makes the effect of both NLs negligible with regards to
the noise impact. For r0 = 20 cm at 589 nm, this optimal pixel size is 0.48”. At this stage, it seems
impossible to find a pixel size that makes this possible for good and bad seeing conditions at the same
time.

3.2 Wavefront reconstruction error

We evaluate now the impact of the previous estimations after wavefront reconstruction, by performing
an LTAO-like noise propagation, considering a 6 LGS ring-constellation, launched from the edge of
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Fig. 1. Slope measurement error (rad2 of phase difference across the subaperture) in the direction of elongation vs
distance to the laser launching point (m), for good (r0 = 20 cm, left) or bad (r0 = 10 cm, right) seeing conditions,
and a pixel size of 0.24” (orange), 0.48” (violet), 0.72” (red), 0.96” (green), 1.21” (blue) or 1.45” (cyan). The
subaperture is 12x12 pixels, the noise is 500 photons/subap/frame and 3 phe- rms

the primary mirror at 48” from zenith (at the vertical of the launching point). We perform tomographic
reconstruction of the turbulent volume with a MAP reconstructor, project this volume onto a single
pupil-conjugated deformable mirror, and estimate the performances in the direction of the center of the
FoV. For sake of simplicity, we assume that the error is decorrelated from one subaperture to another,
and from one LGS to another. Yet the validity of this assumption remains to be clearly established [3].
We propagate the slope measurement error previously estimated, over the 200 first Karhunen-Loeve
modes, and then extrapolate the error with a logarithmic fit on the cumulated error curve, in order to
estimate the reconstruction error over the first 5000 modes. The corresponding Wavefront Error (WFE)
curves are shown on Figure 2, for both good and bad seeing conditions.
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Fig. 2. Wavefront reconstruction error (rad2) vs the number of the KL mode reconstructed. Results are obtained
with good (r0 = 20 cm, left panel) or bad (r0 = 10 cm, right panel) seeing conditions, for a pixel size of 0.24”
(orange), 0.48” (violet), 0.72” (red), 0.96” (green), 1.21” (blue), 1.45” (cyan). Note that the red and green curves
of the right panel are superimposed.

The optimal pixel sizes derived in the last paragraph lead to WFE of 33 nm on 5000 modes for r0
= 20 cm, and 60 nm for r0 = 10 cm. The impact of a dominant undersampling error is critical after
reconstruction, leading to rms wavefront errors 2 to 4 times higher (WFE = 120 nm rms for 0.96”/pix
and r0 = 20 cm). On the other hand, even a strong dominant truncation error has a very weak impact
on the wavefront error, which increases of 10 to 20 nm at most in quadratic difference (WFE = 65 nm
rms for 0.48”/pix and r0 = 10 cm). Hence the optimization of the WFS design, and the quality of its
measurements, are set by the sampling requirements, i.e. the measurement quality on non-elongated
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spots, and not by the FoV requirements. In addition, this optimization has to be done with regards
to good seeing conditions, for which non-elongated spots are sharper. By doing so, it is possible to
optimize the WFS design for both good and bad seeing conditions by choosing a pixel size of 0.48”
(violet curves on both panels of Figure 2). This makes the impact of the WFS NL negligible after
reconstruction, with regards to the noise impact, whatever the seeing conditions.

4 Evolution of the design for various analytical Sodium profiles

4.1 Description of the Sodium profile

We investigate the evolution of the error previously studied in function of the varying shape of the
Sodium profile, always considering that this latter is perfectly known, and fixed in time. The Gaussian
Sodium profile that we chose in the previous section is set as the baseline. We compute different
analytical Sodium profiles, all deriving from this baseline, by modifying either its variance M2, or its
skewness M3, or its kurtosis M4:

M1 =
1
I

∫
INa(h) · h dh (2)

M2 =
1
I

∫
INa(h) · (h − M1)2 dh (3)

M3 =
1
I

∫
INa(h) · (h − M1

M1/2
2

)3 dh (4)

M4 =
1
I

∫
INa(h) · (h − M1

M1/2
2

)4 dh − 3 (5)

where INa is the Sodium density profile, I the total integrated profile and h the altitude. M1 is the
center of gravity of the Sodium density profile. We keep it at a constant altitude of 90 km for all the
profiles considered. We study separately the ranges of [5, 15] km FWHM for M2, [0, 0.76] for M3 and
[-1.1, 1.1] for M4. These values are in agreement with the values one can observe on the real Sodium
profiles, that are described in the second part of this study [11]. We recall that a Gaussian Sodium
profile has a skewness and a kurtosis both null. Figure 3 shows the computed profiles.
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Fig. 3. Normalized Sodium density profiles varying independently with regards to the moment M2 (left), M3
(center) and M4 (right). The unit in abscissae is arbitrary. The 10-km-FWHM Gaussian profile is in red on all
plots. M1 = 90 km for all profiles. (Left) Gaussian Sodium profiles of 5 (green), 7.5 (blue), 10 (red) or 15 (cyan)
km FWHM, M3 and M4 null. (Center) Asymmetric profiles with M3 = 0 (red), 0.44 (green) or 0.76 (blue), M2 =
(10/2.355)2 km2 and M4 = 0. (Right) Sodium profiles with M4 = 0 (red), -1.1 (green), -0.7 (blue), 0.7 (cyan), 1.1
(pink), M2 = (10/2.355)2 km2 and M3 = 0.
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4.2 Slope measurement error

The framework is the same as the one of Section 3.1.2. We select bad seeing conditions (r0 = 10
cm at 589 nm), and set the pixel size to 0.72”. In that case the NL errors are still negligible with
regards to the impact of the noise (same WFE after reconstruction as the optimal case of 0.96”/pix),
and the sampling is better as 2 pixels per FWHM of the non-elongated axis, which prevents us from
undersampling the fine structure of the sodium profile more than the blurring of the turbulence. Figure
4 shows how the results obtained previously for a 10-km-FWHM Gaussian profile (Figure 1, right
panel, red curve) evolve with the various Sodium density profiles computed in Section 4.1. The profile
is still considered perfectly known and fixed in time. In that case a variation of M3 has no significant
impact on the error. This is somewhat expected since a slight change in the asymmetry of the peak
is not supposed to change the impact of non-linearity (neither sampling errors nor truncation errors)
after sampling by the detector, as long as the correlation reference is perfect, i.e. build with the actual
profile. For M2 and M4 though, a variation of the measurement error is observed: a variation of M2
impacts the error made on the measurements of all elongated spots, whereas a variation of M4 only
impacts the measurements on spots where the fine structure of the Sodium profile begins to be resolved
(here further than 15 m from the launching point). This can be explained by the fact that a flater profile
(for M4 = -1) is more likely to be truncated, and all the more as the profile gets wider (for FWHM up
to 15 km). Yet in all these cases the measurement accuracy on non-elongated spots, which has been
shown to lead the WFS design optimization, remains constant. Similar behaviours are observed for r0
= 20 cm at 589 nm and a pixel size of 0.48”.
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Fig. 4. Slope measurement error (rad2 of phase difference across the subaperture) in the direction of elongation
vs distance to the laser launching point (m), for bad (r0 = 10 cm at 589 nm) seeing conditions and a pixel size of
0.72”. (Left) Profiles with varying M2. (Center) Profiles with varying M3. (Right) Profiles with varying M4. The
subaperture is 12x12 pixels, the noise is 500 photons/subap/frame and 3 phe- rms

4.3 Wavefront reconstruction error

We evaluate now the impact of the previous estimations after wavefront reconstruction, by performing
the same noise propagation as described in Section 3.2., with the slope measurement errors obtained
in Section 4.2. The framework of the reconstruction is the same, only the Sodium profile varies. A
variation of M3 or M4, for the values set in Section 4.1, induces a negligible increase of the WFE
calculated on 5000 modes, of less than 10 nm in quadratic difference. This is due to the error made on
the least elongated spots, observed in the first 10 m from the launching point, which remains constant
whatever the Sodium profile considered. However, for a variation of M2, the WFE on 5000 modes
ranges from 52 to 63 nm rms, when the FWHM of the sodium layer ranges from 5 to 15 km. This is
equivalent to an increase of 35 nm in quadratic difference. Yet, the error on non-elongated spots, in
subapertures under the laser launching point, remains constant, and the impact of the truncation error
increases only with the spread of the Sodium layer, i.e. the increase of M2. Consequently, taking into
account the conclusions of the previous section, the optimised design which was set earlier remains
valid for these non-Gaussian sodium profiles.
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5 Conclusion

For LGS WFS on a 40-m-class telescope, the optimization of the WFS design and the quality of its
measurements, are set by the sampling, i.e. the measurement quality on non-elongated spots, and not by
the FoV specifications. This optimization has to be done with regards to good seeing conditions. Under
typical noise conditions of 500 photons and 3 phe- rms RON, we derived from our simulations made
on Gaussian spots an optimised design for a 12x12 pix/subap SH detector: a sampling of 0.48”/pixel,
with FoV = 5.8”, with a correlation algorithm with an exact reference, associated with a TCoG with
a threshold of 30% of the maximum of the correlation map. With such a design, the impact of the
WFS NL after reconstruction is made negligible with regards to the impact of the noise, whatever
the seeing conditions. When considering analytical non-Gaussian Sodium density profiles, but still
assuming that the reference of correlation has rigorously the same intensity profile as the image, the
previous statement remains valid.

Yet, the error ENL,Na deriving from the lack of knowledge of the spatial and temporal fluctuations
of the Sodium profile remains to be studied. In this context, the analysis of real sodium data is required.
These points are treated in the second part of this paper [11], more specifically for a 30-m-class tele-
scope, with a central launch design. Yet great similarities and corresponding orders of magnitude are
found with regards to the side-launched-LGS 40-m-class telescope assumed in this first part. This let
us think that the conclusions of this double study are valid on both TMT and E-ELT. Complete results
of these studies should be submitted to publication in a near future.
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