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Abstract. In this paper, a novel method for designing a model-based two-degree-of-freedom control
structure for high speed position control of large deformable mirrors with voice coil actuators is
presented. Both global feedforward and glocal (decentralized accounting for global dynamics) feedback
control is included allowing for separately designing tracking performance and disturbance rejection.
The model-based controller can be derived from either an analytical or a numerical dynamical model
of the deformable mirror. The feedback controller is designed as a global linear quadratic regulator.
By choosing the weighting matrices for the feedback controller in a specific way, the resulting global
feedback law degenerates into multiple local feedback laws guaranteeing global stability. The local
feedback laws only need limited information about surrounding actuators and comply with available
computing power. As an example, a model-based two-degree-of-freedom control structure is derived for
the Large Binoculare Telescope adaptive secondary mirror geometry with 672 actuators and sensors
and simulation results are given.

1 Introduction

In the last decade, deformable secondary mirrors have proven to be an essential technology for
ground based astronomical adaptive optics. Starting with a 642mm wide and 2mm thick con-
tinuous face-sheet deformable mirror for the Multi Mirror Telescope (MMT), new deformable
mirrors with diameters around 1000mm have been developed for e.g. the Large Binocular
Telescope (LBT) and the Very Large Telescope (VLT) [1,5,6,20]. With over thousand voice
coil actuators, this generation of continuous face-sheet deformable mirrors requires fast and
precise position control. Thereby, the main idea for robust control of the mirror deflection
is the use of distributed voice coil actuators in combination with local position sensing by
capacitive sensors. The use of voice coil actuators allows for large stroke and exact positioning
of the mirror while it is floating in a magnetic field. By changing the spatial properties of
the magnetic field, the mirror shell can be deformed into a desired position to compensate for
optical aberrations. Thereby, a low-contact bearing combined with little intrinsic damping of
the mirror shell draws the need for active damping in closed loop operation. With typically
more than 1000 actuators and collocated sensors [10], the evolving multi-input multi-output
(MIMO) control task for deforming and actively damping the deformable mirror requires so-
phisticated control concepts. Although global position control of the mirror would be the
most promising solution, the computational complexity for high order spatial control of the
deformable element typically exceeds available computing power. Due to this reason, exist-
ing deformable membrane mirrors for large telescopes incorporate local feedback instead of
global feedback control and neglect some of the global dynamics of the deformable mirror [4,
5, 19, 12, 1, 9]. As a side effect, coupling of the separately controlled actuators through the
deformable membrane can lead to instability of the individually stable loops and draws the
need for carefully designing the control parameters of the local feedback loops.

Currently, the standard control approach for deformable mirrors of the LBT and VLT
type is local position velocity feedback (PD-control) for each actuator in combination with
feedforward force compensation [3]. Thereby, each actuator is driven by a dedicated local
position controller running at 40-70 kHz. The shape command for the mirror unit is generated
by a higher level wavefront control loop running at about 1kHz. For small set-point changes
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of the mirror shell, this control concept is well-suited and has proven to be applicable in
practice [7]. Although, for high speed deformations over large phase changes (e.g. chopping,
or correction for visible wavelengths), disadvantages of local PD-control must be considered.
First of all, there is a shape-dependent stiffness and damping variation of the mirror shell.
In particular, each deformation of the shell requires a specific amount of external force to be
kept in shape [6]. If local control instead of global control is used for position control of the
shell, then robust and subsequently conservative controller design is necessary for all local
control loops. Secondly, interaction of neighboring actuators has to be studied carefully. The
control loop gains have to be chosen such that only little influence on neighboring actuators
is achieved. Otherwise, the local control concept can lead to instability of the shell.

To further investigate alternative control concepts, there have been studies on MIMO opti-
mal feedback control of deformable mirrors [11, 18, 2]. Certainly, the closed loop performance
of a global optimal feedback control concept is superior to local PD-control. But still, the com-
putational load of a global MIMO controller may not be suitable for large deformable mirrors
with more than thousand actuators. Only in [11], the circular symmetry of the mirror shell
is used to reduce the controllers complexity. Thereby, it is shown that symmetry can effec-
tively reduce computational loads without loosing control performance. Although, even when
symmetry is fully exploited, the computational effort for a global feedback control concept of
future deformable mirrors is considerably high.

Since large deformable mirrors do not significantly change their dynamical behavior over
time, model-based feedforward control can efficiently reduce load on implemented feedback
controllers. Studies on feedforward control of large deformable mirrors show that either with
poorly tuned feedback control or even without feedback control, high speed and high precision
deformations of deformable mirrors can be achieved [16, 14, 13]. In this context, feedback
control is mainly needed to account for model uncertainties and to reject external disturbances
(e.g. mechanical vibrations, wind loads).

In the following, available physical models for deformable mirrors are revisited. Afterwards,
the concept of model-based feedforward control is described and practical considerations for
implementation in future deformable mirrors are given. Finally, a global model-based feedback
controller is developed as a linear quadratic regulator and its inherent decentralized structure
is described. In contrast to earlier global control concepts, this control structure can be imple-
mented locally and only needs limited sensor information around each actuator. Simulation
results with the developed control structure are given based on a dynamical model of the LBT
adaptive secondary mirror.

2 Mirror modeling

In order to gain more insight into the physical properties of large deformable mirrors, an
analytical physical model for describing the dynamics of large deformable mirrors has been
developed in [14, 15] and validated on the P45 adaptive secondary mirror prototype of the
LBT. The model is based on an approximation of the deformable mirror shell by a Kirchhoff
plate and can be written as

D∇4w(r, θ, t) + (λd + κd∇4)
∂w(r, θ, t)

∂t
+ ρh

∂2w(r, θ, t)

∂t2
=

M∑

m=1

um(t)

rm
δ(r − rm)δ(θ − θm),

(1)

where w(r, θ, t) describes the time variable plate deflection over the domain S in polar coor-
dinates with (r, θ) ∈ S and time t ∈ R. The biharmonic operator ∇4 is given by

∇4 = ∇2∇2 =

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)2

. (2)
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The parameter D is the flexural rigidity D = Eh3

12(1−ν2) , with poisson’s ratio ν and plate

thickness h. The parameters λd and κd are used to characterize viscous and Rayleigh damping
and need to be identified in practice. The parameter ρ describes the plate density and the
dirac delta functions δ on the right hand side of Equation (1) are used to include point forces
um(t) ∈ R at locations (rm, θm) ∈ S, m = 1 . . .M .

A fundamental solution of Equation (1) can be derived by separation of variables with

w(r, θ, t) =
∞∑

k=1

W (r, θ)f(t) (3)

and reads

Wk(r, θ) = (A1kJk(βr) +A2kYk(βr) +A3kIk(βr) +A4kKk(βr)) cos(kθ)

(B1kJk(βr) +B2kYk(βr) +B3kIk(βr) +B4kKk(βr)) sin(kθ). (4)

Here, Jk, Yk, Ik,Kk are bessel functions and modified bessel functions of first and second kind.
The free parameters A1k, . . . , A4k and B1k, . . . , B4k need to be determined by use of boundary
conditions for (1). Typical boundary conditions for deformable mirrors can either be a clamped
edge at r = r1 reading

w(r1, θ, t) = 0 (5a)

∂w(r, θ, t)

∂r

∣
∣
∣
r=r1

= 0 , (5b)

or a simply supported edge at r = r1 reading

w(r1, θ, t) = 0 (6a)

ν

r2
∂2w(r, θ, t)

∂θ2
+

∂2w(r, θ, t)

∂r2
+

ν

r

∂w(r, θ, t)

∂r

∣
∣
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r=r1

= 0 , (6b)

or a free edge at r = r1 reading

ν

r2
∂2w(r, θ, t)

∂θ2
+

∂2w(r, θ, t)

∂r2
+

ν

r

∂w(r, θ, t)

∂r

∣
∣
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r=r1

= 0 (7a)
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In order to inlude a flexible support at r = r1, boundary conditions (7) can be extended by
a righting moment c reading

−c
∂w(r, θ, t)

∂r
+
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= 0, (8a)
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By inserting the fundamental solution (4) in the boundary conditions given above, the free
parameters A1k, . . . , A4k and B1k, . . . , B4k can be found by computing a non-trivial solution
of the equations

Λc(β)






A1k

A2k

A3k

A4k




 = 0, Λs(β)






B1k

B2k

B3k

B4k




 = 0 , (9)
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where Λc(β) and Λs(β) are [4× 4] matrices containing linear combinations of bessel functions
depeding on the eigenvalue β for the sine and cosine parts of W (r, θ). In order to compute a
non-trivial solution of (9), the parameter β needs to determined such that Λc and Λs contain a
non-trivial kernel. This can be achieved by numerically searching for zeros in the determinant
of Λc and Λs and leads to infinitely many eigenvalues β.

Fig. 1. First 21 analytical eigenmodes of the LBT adaptive secondary mirror ordered by increasing
eigenfrequency.

In Figure 1, the consine parts of the first 21 analytical eigenmodes W (r, θ) of the LBT
adaptive secondary mirror are shown based on the calculations given before. The eigenmodes
Wk(r, θ) and eigenfrequencies βk were compared with a detailed finite element model of the
LBT adaptive secondary and show excellent compliance.

Based on the derived normalized eigenmodes W (r, θ), an analytical solution of Equation
(1) with initial conditions w(r, θ, 0) = 0 and ẇ(r, θ, 0) = 0 can be derived in spectral form
reading

w(r, θ, t) =

t∫

τ=0

∞∑

k=1

M∑

m=1

1

ζk
Wk(r, θ)Wk(rm, θm)gk(t− τ)

︸ ︷︷ ︸

G(r,θ,rm,θm,t−τ)

um(τ)dτ, (10)

with

gk(t− τ) = e−
t

2ρh (λd+κdβ
4

k+ζk) − e−
t

2ρh (λd+κdβ
4

k−ζk), ζk =
√

(λd + κdβ
4
k)

2 − 4Dρhβ4
k .

Equation (10) can be used to compute the actuator influence functions for any input signals
um(τ), m = 1 . . .M . Thereby, not only the resulting static deformation of the mirror can
be computed, but also the transcendent motion of the plate for time-varying input forces.
Additionally, relation (10) can be used to compute the frequency responses of the deformable
mirror at different actuator locations as shown in Figure 2.

If more complex geometries or inhomogenuous material properties are considered, the
analytical model can be supported by numerical finite element methods (FEM). In [17, 8,
10] several FE - models for deformable mirrors are described. For the following section, it is
assumed that either the analytical model (1) or a FE - model is available for controller design
in the form1

Mẍ(t) +Dẋ(t) +Kx(t) = Bu(t),

y(t) = Cx(t). (11)

1 By choosing x(t) = [w(r, θ, t) ẇ(r, θ, t)]T the analytical model (1) can be transformed appropri-
ately with generalized operators M, D, K, B, and C.
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Fig. 2. Bode diagram of the analytical local transfer functions of the LBT672 at different actuator
locations (normalized).

Solving the generalized eigenvalue problem

Kv = ηMv, (12)

with dynamic eigenmodes v and eigenvalues η, the corresonding eigenfrequencies ω =
√
η

can be computed. By ordering the orthonormal eigenmodes v with increasing eigenfrequency
columwise in V , a transformation of (11) into modal coordinates q(t), with x(t) = V q(t), can
be achieved as

V TMV
︸ ︷︷ ︸

M̃

q̈(t) + V TDV
︸ ︷︷ ︸

D̃

q̇ + V TKV
︸ ︷︷ ︸

K̃

q(t) = V TB
︸ ︷︷ ︸

B̃

u(t)

y(t) = CV
︸︷︷︸

C̃

q(t) . (13)

The new matrices M̃, D̃, and K̃ are diagonal and allow to decouple the modal dynamics
into independ second order systems2. Also, model order reduction (modal truncation) can
be performed when only a limited number of eigenvectors v are used in the transformation
matrix V 3. In the following, it is assumed that a suitable number of eigenmodes is used in the
transformation matrix V in order to include all relevant dynamics in a reduced order model
(13). The reduced order model is used to first develop a feedforward controller and aftwards
a decentralized feedback controller.

2 D̃ is diagonal, when D = κdM + λdK.
3 Although in general, balanced trunction is more useful for system analysis and controller design

for large scale systems, it was found that the reduction basis for balanced coordinates resembles the
modal basis due to the high number of spatially distributed inputs and outputs over the uniform
deformable mirror plate. Therefore, modal trunction can be employed without loosing dynamically
important parts of (11).
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Fig. 3. Two-degree-of-freedom control structure for position control of deformable mirrors.

3 Design of model-based feedforward control

The basic idea of model-based feedforward control is the application of a desired input signal
ud(t) such that the system response y(t) follows a desired response yd(t). The system response
leads to a deformation of the deformable mirror such that the deformation △w is achieved.
The design of such a desired response yd(t) is performed in an on-line trajectory generator
Σ∗

lin. The control concept can be implemented in a two-degree-of-freedom structure as shown

in Figure 3, where Σ−1
dyn contains the dynamic inverse of the relevant mirror dynamics of plant

DM and Σ−1
stat is used to achieve a full gain recovery in the feedforward signal ud. The system

Σctrl is a feedback controller which can be designed as described in Section 4.

If the dynamic system (13) has a full relative degree and the input and output operators

B̃ and C̃ are invertible, the desired input signal ud(t) can be computed as

Σ−1
dyn : ud(t) = B̃−1

(

M̃C̃−1ÿd(t) + D̃C̃−1ẏd(t) + K̃C̃−1yd(t)
)

. (14)

Inserting relation (14) in (13) results in y(t) = yd(t). However, since the dynamical behavior
of the deformable mirror often is only approximated by the linear system dynamics (13), a
feedback controller is used to achieve y(t) → yd(t) in the presence of model errors and external
disturbances.

In order to compute the desired input signal ud(t), the desired output behavior must be
twice continuously differentiable and can e.g. be chosen as a third order transition polynomial
in each coordinate of yd [16]. The computational demands of the feedforward control (14)
scale quadratically with the number of system inputs and outputs. However, since the control
signal only needs to be computed with the frequency of the outer AO-loop (typically 1 kHz),
there are currently no implementation problems.

Feedforward control can also be implemented only for a limited number of dynamic eigen-
modes of (13) and achieves considerable improvements in settling time for setpoint changes
as could be demonstrated for the P45 adaptive secondary mirror prototype and the AL-
PAO DM88 membrane deformable mirror. Since detailed studies on feedforward control of
deformable mirrors are available already, the interested reader is referred to [16, 13] for fur-
ther insight. In case of inherent zeros dynamics of plant (13), a flatness based approach for
feedforward signal generation can also be found in [14].
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4 Design of model-based feedback control

For feedback controller design, the relevant modal system dynamics of (13) are written in
state space form as

ż(t) =

[
0 I

−M̃−1K̃ −M̃−1D̃

]

︸ ︷︷ ︸

A

z(t) +

[
0

B̃

]

︸ ︷︷ ︸

B

u(t)

y(t) =
[

C̃ 0
]

︸ ︷︷ ︸

C

z(t), (15)

with z(t) = [q(t) q̇(t)]T . A global multi-input multi-ouput linear quadratic regulator can be
designed using the optimization criterion

J =

∞∫

0

z(t)TQz(t) + u(t)TRu(t)dt, (16)

with Q being a positive definite and R being a positive semi-definite matrix. Assuming the
pair (A, Q) is observable, a minimization of (16) can be achieved with the state feedback

u(t) = −Θz(t) (17)

with

Θ = R−1BTP . (18)

The matrix P is the symmetric, positive definite solution of the matrix Ricatti equation

ATP + PA− PBR−1BTP +Q = 0 (19)

and can be computed efficiently in modern mathematical computing laguages (e.g. Matlab).
By choosing Q = CT c1C and R = Ic2, the optimization criterion for the LBT672 with 672
inputs and outputs simplifies to

J =

∞∫

0

672∑

k=1

(
c1y

2
k(t) + c2u

2
k(t)

)
dt (20)

and a decentralized controller can be computed via (19) and (18). This particular choice
of weight matrices Q and R is the essential step for a decentralized controller in the LQR
framework. The coefficients c1 and c2 can be used to tune the closed loop disturbance rejection
and robustness until certain settling time and gain margins are achieved.

Since the controller Θ requires modal signals q(t), a feedback controller Θp in physical
coordinates can be computed via

z(t) = V T

[
x(t)
ẋ(t)

]

(21)

and reads

Θp = ΘV T , (22)

with the feedback law u(t) = −Θp

[
x(t)
ẋ(t)

]

. Thereby, it is obvious that the columns of Θp

contain information about how much displacement and velocity feedback is required for a
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Fig. 4. Bode diagram of the resulting local transfer functions of the LBT672 at different actuator
locations with decentralized LQR control (normalized).

certain actuator in vector u(t). A visualization of entries in Θp reveals, that only a limited
amount of displacement and velocity information around each actuator is needed to compute
the feedback signal u(t). This property can be used to truncate the spatial extension of the
global LQ regulator and leads to a decentralized control scheme.

For the LBT672, the corresponding normalized entries of the state feedback matrix Θp

are visualized in Figure 5. Clearly, a choice of c1 = 1000 and c2 = 0.1 results in a fully
decentralized structure of Θp. Depending on the truncation area, the computational demands
scale linearly with the number of actuators and show the applicability of global LQ - control
for shape control of large deformable mirror.

Although control Θp requires full state information, the state feedback controller can be
transformed into an output feedback controller using loop transfer recovery (LTR) and results
in an output controller Σctrl as shown in Figure 3. The ouput controller can be implemented
on existing hardware as a finite impulse response (FIR) filter for each actuator/sensor pair
where the number of filter coefficients is mainly driven by the acceptable approximation error
of the loop transfer recovery approach. For comparison, the closed loop transfer functions at
selected actuator locations with active LQ compensation are shown in Figure 4. Clearly, the
resonances in Figure 2 are fully damped in the closed loop case and the resulting bandwidth of
the deformable mirror exceeds 1 kHz. In order to tune the resulting performance for existing
deformable mirrors, a variation of parameters c1 and c2 can be performed easily in practice.
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Fig. 5. Vislization of the decentralized spatial structure of the feedback matrix Θp for selected
actuators of the LBT672.

5 Conclusion

In this paper, it was shown that high-speed high-prescision control of large deformable mirrors
with voice-coil actuators and capacitive sensors can be implemented without reaching the
computational limits of current control systems. A global model-based feedforward control
scheme can be computed within the cycle time of the outer AO-control loop. An output
feedback control loop running at the higher inner loop cycle time can be implemented efficiently
exploiting the decentralized structure of the designed linear quadratic regulator.

The key for decentralized controller design is the right choice of weighting matrices Q and
R in the LQR framework. Followed by a loop transfer recovery approach, the state feedback
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controller can be transformed into an ouput feedback controller that can be implemented as
FIR filters on existing hardware.

In order to show the applicability of decentralized model-based feedforward and feedback
control of large deformable mirrors, the authors aspire to implement the suggested control
scheme in one of the future deformable mirrors for the VLT, GMT, E-ELT, or the following
extremely large optical telescopes.
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