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Abstract. Single Conjugated Adaptive Optics is a proven technique used in order to correct the effect of atmo-
spheric turbulence and telescope vibrations. The corrected field of view(FoV) is however limited by the aniso-
planatism effect. Many concepts of Wide Field AO (WFAO) systems are under study, especially for the design of
Extremely Large Telescopes (ELTs) instruments. Multi-Object AdaptiveOptics (MOAO) is one of these WFAO
concepts that is particularly suited for high redshifts galaxies observations in very wide FoV. The E-ELT instru-
ment EAGLE will use this approach. CANARY, the on-sky pathfinder forMOAO, obtained the first compensated
images on Natural Guide Stars (NGSs) at the William Herschel Telescope inSeptember 2010. The control and
performance optimization of such complex system are a key issue. Linear Quadratic Gaussian (LQG) control is
an appealing strategy that provides optimal control for an explicit minimumvariance performance criterion. It
also provides a unified formalism that allows accounting for specific multi WF Sensing (WFS) channels, both
for Laser Guide Stars (LGSs) and NGSs, and for various disturbancesources (turbulence, vibrations). Further-
more, preliminary simulation results suggest that performance can be significantly improved with tomographic
LQG control compared to MMSE static reconstruction. Our objective is to obtain a first on-sky demonstration of
tomographic LQG control during CANARY Phase B, featuring LGS and NGS WFSs. We show how the specific
MOAO CANARY configuration can be embedded in a state-space framework and we present how this control law
can be implemented onto the Real-Time Computer (RTC). The state-space model includes: stochastic autoregres-
sive models of order 2 for the turbulent phase in each layer and for vibrations affecting the telescope; LGS and
NGS measurement equations; DM model and delays in the loop. Model identification and off-line calculations
necessary for a robust on-sky operation are discussed.

1 Introduction

Adaptive Optics (AO) [15] is a technique that compensates inreal-time the wavefront (WF) of the light
coming from a so-called guide star. The WF is distorted after propagation through the atmosphere.
The success of AO is such that the next generation of telescopes, as the European Extremely Large
Telescope (E-ELT), cannot be conceived without it. Many concepts of new AO systems working on a
wide field of view (WFAO) are required in order to carry out the future astrophysical programs such
as ground layer AO (GLAO) [11] or multi-conjugate AO (MCAO) [8]. The so-called multi-object
AO (MOAO) technique was introduced for the first time by [7], for analysing the morphology of high-
redshifts galaxies. The E-ELT instrument EAGLE [5] will usethis technique. CANARY [12] is the on-
sky pathfinder for MOAO. It obtained the first compensated images on Natural Guide Stars (NGSs) at
the 4.2 mWilliam Herschel Telescope, Canary Islands, in September 2010 [6]. In this paper we present
our strategy for the on-sky validation of optimal control inMOAO. Firstly (Sect. 2), we present the
dynamical model used for describing the disturbance of the WFand the performance obtained with the
CANARY pathfinder using a Linear Quadratic Gaussian (LQG) control. Secondly (Sect. 3) we present
the implementation of this control law on the CANARY system.
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2 Model building and LQG performance

2.1 Model building

In order to solve the optimal control problem, it is necessary to model the evolution of the perturbation
phase in time, both for turbulenceϕtur

k and vibrationsφvib
k . Throughout this paper, we will distinguish

the phase in the volume denoted byϕ and the resulting phase in a direction of interest denoted byφ.
For the turbulence we can therefore write:

φtur
k , Mobjϕtur

k (1)

whereMobj is the operator that extracts and sums the phase’s footprints in the direction of the object of
interest. A widely used class of models to describe the phase’s distortion is the class of vector-valued
autoregressive (AR) processes. The phases are here decomposed on a Zernike basis [17]. In the context
of CANARY, first studies (see Sect. 2.2) show that an AR model of order 2 (AR2) for the turbulent
phase on each layer leads to good performance. The turbulentphase, evolving in layerℓ can therefore
be written as:

ϕ
tur,ℓ
k+1 = Atur,ℓ

1 ϕ
tur,ℓ
k + Atur,ℓ

2 ϕ
tur,ℓ
k−1 + v

tur,ℓ
k (2)

wherevtur,ℓ
k is a Gaussian white noise with covariance matrixΣ tur,ℓ

v . Turbulence layers are assumed to
be independent from each others, so that the turbulent phasein the volume is just the concatenation of
the phase in each layer, leading to

ϕtur
k+1 = Atur

1 ϕ
tur
k + Atur

2 ϕ
tur
k−1 + v

tur
k (3)

whereAtur
1 andAtur

2 are bloc diagonal matrices formed withAtur,ℓ
1 andAtur,ℓ

2 respectively. The vibrations
affecting the system can also be modelled by an AR2 [10]. For a given vibrationi, we obtain:

φ
vib,i
k+1 = Avib,i

1 φ
vib,i
k + Avib,i

2 φ
vib,i
k−1 + v

vib,i
k (4)

The global resulting phase can be written as:

φk = φ
tur
k + φ

vib
k = φ

tur
k +

nv∑

i=1

φ
vib,i
k (5)

Vibrations affect in practice mainly the tip/tilt components of the phase. The CANARY bench will use
during phase B Laser Guide Stars (LGSs) and Natural Guide Stars (NGSs) for tomographic recon-
struction, leading to measurement equations:

y
ngs,i
k = Dngs,i(Mngs,iϕtur

k−1 + φ
vib
k−1) + wngs,i

k (6)

y
lgs,i
k = Dlgs,i Mlgs,iϕtur

k−1 + w
lgs,i
k (7)

The matrixMngs,i resp.Mlgs,i extracts and sums the phase’s footprints in the directions of measurement
corresponding to the NGS’s resp. LGS’s angular positions (cylindrical resp. conical projectors), and
Dngs resp.Dlgs is the WF sensor (WFS) matrices for natural resp. laser guide stars. Measurement
noises{wngs} and{wlgs} are supposed to be white Gaussian noises independent of{vtur} and{vvib}, with
covariance matricesΣwngs andΣwlgs respectively. As mean slopes are removed from LGS measurements,
vibrations do not affect ylgs. Mean slopes removal is here incorporated inDlgs. If we denote byDlgs

the WFS matrix without mean slopes removal and byylgs
k

andwlgs
k the corresponding measurement

equation and noise at the time stepk, we have

ylgs,i
k
= Dlgs,i Mngs,iϕtur

k−1 + w
lgs,i
k (8)
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Hence,ylgs,i
k is linked toylgs,i

k
through:

y
lgs,i
k =
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1 0
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k
, Plgs,i

remy
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k

(9)

where1 is a squared matrix full of 1. Consequently, ifwlgs,i
k denotes the measurement noise before

mean slopes removal, its variance is relatedΣ lgs,i
w through:

Σ
lgs,i
w , Var(wlgs,i

k ) = Plgs,i
remVar(wlgs,i

k )Plgs,iT

rem (10)

Simple rearrangements show that all the models presented above can be written in standard state-
space form as: 

xk+1 = Axk + Γvk
yk = Cxk + wk

φk = Cφxk

(11)

The disturbance in the direction of interestφk is obtained as an output of the state model. The state
vector in this case can be simply chosen as the concatenationof turbulence and vibration phases:

xk ,

(
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k
xvib

k

)
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ϕtur

k
ϕtur

k−1

)
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All the matrices present in this system can be deduced from Eq. (2) to (12).
The control objective is to minimize the averaged residual phase varianceφres

k , φk − φ
cor
k where

φcor
k = Nuk−1, uk−1 is the control vector at timek − 1 andN is the influence matrix. The influence

matrix N is the operator that connects voltagesu to Zernike modes as shown in [14] for an MCAO
configuration. This leads to the following performance criterion:

J(u) = lim
K→+∞

1
K

K∑

k=1

||φk+1 − Nuk||
2 (13)

which optimal solution is known to be given by the Linear Quadratic Gaussian (LQG) control:

u∗k = Puφ̂k+1|k (14)

where
φ̂k+1|k , E[φk+1|yk, . . . , y0] (15)

is the conditional expectation ofφk+1 knowing all the measurementsyk, . . . , y0 andPu is the projector
defined as the Moore-Penrose pseudo-inverse ofN [13]. In other words, the optimal control corre-
sponds to project onto the DM space the optimal predictionφ̂k+1|k, which is computed recursively as
the output of the Kalman filter based on Eq. (11). We remind that CANARY is an open loop control
bench, apart from a steering mirror for the LGS stabilization working in closed loop.

Since we have expressed our control solution, based on explicit dynamical models, we are now
able to estimate the performance on CANARY.

2.2 LQG MOAO performance

We present in this section the performance results using a LQG control law on the CANARY system.
Different hypothesis are tested for these simulations. The parameters used for these simulations are the
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following. We have a 4.2m telescope, 3 layers of turbulence with a corresponding relative C2
n profile

given by [0.5,0.17,0.33]. The layers are located at [0,2000,4000] meters with respective wind speeds
of [7.5,12.5,15] m/s. We have deliberately excluded the high altitude layers that are not seen by the
Rayleigh LGS. The turbulence is simulated according to the Von Kármán law and the translation of
the phase screens are done using the frozen flow hypothesis. We assume also that we do not have
vibrations affecting the system. The guide stars are a square constellation of radius 30 arcsec. They
represent the LGS configuration but we do not account for Tip Tilt indetermination and cone effect
specificities. We use a single DM conjugated to the pupil thatprovides the on-axis correction.

Concerning the LQG dynamical models, they are constructed assuming a well calibrated system,
meaning that we know the values of the guide star angular positions, the seeing and turbulence profile,
the DM influence matrix [16]. We recall that the temporal prior is a modal AR2 model that is based
on assumptions on the wind profile, in modulus. We test hereafter the robustness in performance with
respect to wind speed uncertainties.

Fig. 1. On-axis Strehl ratio in H band (1.65µm), obtained for different control laws, as a function of the wavefront
sensing noise level.

We see in Fig. 1 that the LQG performance is higher than with a classical control based on static
minimum mean square error (MMSE) reconstruction. We see also that LQG control is more robust to
high WFS noise level. At the nominal CANARY LGS measurement noise variance, that is 0.28 rad2,
Strehl ratio is 5% higher in H-band. The gain is even more important when the measurement noise
level increases.

Since it is very difficult to have a good knowledge on the wind speed profile, we havestudied the
impact of wind profile uncertainties. In this robustness study, we always keep the same true profile to
generate turbulence while exploring various wind priors used in the LQG control. The performance
obtained with wind speeds in all layers set to the average wind speed value, that is 11.2 m/s, is dis-
played in Fig. 1. Performance is hardly affected. We have also performed simulations with more drastic
uncertainties on the wind speed values: factor 10 weaker, orstronger, than mean wind speed, and also
values 40% larger, or smaller, than the true wind profile. Theresults are summarized in the table 1.

We clearly see that an overestimation of the wind speed is more penalizing that an underestima-
tion. Besides, 40% errors lead to only a few percent of loss inperformance. Of course eventually
performance collapses with a severe, and non realistic, overestimation of the speed, set here to 112
m/s.
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Table 1. Performance obtained using a LQG controller with different wind speed profile priors (indicated in
the table in m/s) for the control model. The true wind profile used to generate the turbulence is in all cases
[7.5,12.5, 15] m/s.

Control with: Wind speed value on layer 1 on layer 2 on layer 3 Strehl ratio inH-band

True profile 7.5 12.5 15 0.68

Mean speed 11.2 11.2 11.2 0.68

Mean speed÷ 10 1.12 1.12 1.12 0.66
Mean speed× 10 112 112 112 0.09

True profile− 40% 4.5 7 9 0.70
True profile+ 40% 10.5 17 21 0.66

In conclusion LQG control, thanks to spatial and temporal priors, improves MOAO performance,
compared to a static MMSE control. Gains are even higher in low WFS signal to noise ratio conditions.
Besides, LQG exhibits a good robustness to wind speed profileuncertainties. Wind speed could for
instance be set in all layers to an approximate mean value obtained by standard data reduction applied
on WFS time series. These results are quite promising for on-sky operation.

3 LQG control implementation in CANARY

Real-time implementation of the Kalman filter reduces to theso-called update and prediction equa-
tions: {

x̂k|k = x̂k|k−1 + H∞(yk −Cx̂k|k−1)
x̂k+1|k = Ax̂k|k

(16)

The Kalman gain is computed off-line as:

H∞ , Σ∞CT(CΣ∞CT + Σw)
−1 (17)

whereΣ∞ is the solution of the discrete Algebraic Riccati equation:

Σ∞ = AΣ∞AT + ΓΣvΓ
T − AΣ∞CT(CΣ∞CT + Σw)

−1CΣ∞AT (18)

Equation (16) can be replaced by the single recursive equation.

x̂k+1|k = (A− L∞C)x̂k|k−1 + L∞yk (19)

whereL∞ , AH∞.
The CANARY Real-Time Computer (RTC) developed by the University of Durham (see [1]) and,

a generic observer structure, is implemented [14] under theform:
{

zk+1 = M1zk + M2yk + M2M3uk−2
uk = M4zk+1

(20)

wherezk is the controller state. The Kalman filter (19) is obtained with:



M2 = L∞
M1 = A− M2C

M3 =

{
DN if closed loop
0 if open loop

M4 = PuCφ

(21)
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So thatzk+1 = x̂k+1|k.

For CANARY, the typical size ofx, y andu are respectively 2(410+ 20) = 860, 8× 72 = 576
and 52+ 4 = 56, from which one can deduce the matrix sizes. The advantageof the general formu-
lation given above, with full size matrix vector multiply, is the flexibility. Of course when moving to
more complex systems for VLTs, or even ELTs, both off-line and on-line calculations may become an
issue. However various approaches have been recently proposed to overcome this problem by taking
advantage of the particular structure of the operations (linear shift invariance, sparsity...) [4], [9].

4 Conclusion and perspectives

We have shown how the specific MOAO CANARY configuration can beembedded in a state-space
framework and have presented how this control law can be implemented onto the RTC. The state-space
model includes: stochastic autoregressive models of order2 for the turbulent phase in each layer and
for vibrations affecting the telescope; LGS and NGS measurement equations; DMmodel and delays
in the loop.

We have demonstrated through numerical simulations the gain in performance brought by LQG
control compared to more a standard static MMSE approach. Improvements are higher in low WFS
signal to noise ratio conditions. As demonstrated in [3] these advantages are brought by the use of
explicit models conjugating spatial and temporal priors. Reference [3] also shows that LQG should
bring even larger gains for ELTs. LQG is also shown to exhibita good robustness to wind speed
profile uncertainties, which is important for on-sky operation.

LQG control is now available and tested on the DARC RTC platform [2], laboratory tests have
begun at Meudon observatory and on-sky tests are planned in summer 2012 at theWilliam Herschel
Telescope.
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9. P. Massioni, C. Kulcśar, H.-F. Raynaud, and J.-M. Conan. Fast computation of an optimal con-
troller for large-scale adaptive optics.Journal of the Optical Society of America A, 28:2298,
November 2011.

10. S. Meimon, C. Petit, T. Fusco, and C. Kulcsár. Tip-tilt disturbance model identification for
Kalman-based control scheme: application to XAO and ELT systems. Journal of the Optical
Society of America A, 27(26):A260000, September 2010.

11. N. M. Milton, M. Lloyd-Hart, C. Baranec, T. Stalcup, Jr.,K. Powell, D. McCarthy, C. Kulesa, and
K. Hege. Commissioning the MMT ground-layer and laser tomography adaptive optics systems.
In SPIE Conference, volume 7015 ofSociety of Photo-Optical Instrumentation Engineers (SPIE)
Conference Series, July 2008.

12. R. M. Myers, Z. Hubert, T. J. Morris, E. Gendron, N. A. Dipper, A. Kellerer, S. J. Goodsell,
G. Rousset, E. Younger, M. Marteaud, A. G. Basden, F. Chemla,C. D. Guzman, T. Fusco,
D. Geng, B. Le Roux, M. A. Harrison, A. J. Longmore, L. K. Young, F. Vidal, and A. H. Green-
away. CANARY: the on-sky NGS/LGS MOAO demonstrator for EAGLE. InSPIE Conference,
volume 7015 ofSociety of Photo-Optical Instrumentation Engineers (SPIE) Conference Series,
July 2008.

13. R. Penrose. A generalized inverse for matrices.Proceedings of the Cambridge Philosophical
Society, 51:406–413, July 1955.

14. C. Petit, J.-M. Conan, C. Kulcsár, and H.-F. Raynaud. Linear quadratic Gaussian control for
adaptive optics and multiconjugate adaptive optics: experimental and numerical analysis.Journal
of the Optical Society of America A, 26:1307, May 2009.

15. F. Roddier. Book Review: Adaptive optics in astronomy/ Cambridge U Press, 1999.Irish Astro-
nomical Journal, 26:171, 1999.

16. F. Vidal, E. Gendron, and G. Rousset. Tomography approach for multi-object adaptive optics.
Journal of the Optical Society of America A, 27(26):A260000, October 2010.

17. F. Zernike. Diffraction theory of the knife-edge test and its improved form,the phase-contrast
method.MNRAS, 94:377–384, March 1934.


